Let G be a simple graph with n vertices, m edges. If each edge of G belongs to t triangles (t ≥ 1), then we present a new upper bound for the Laplacian spectral radius of G which improves some known upper bounds.
Introduction
Let G = (V, E) be a connected graph with vertex set V = {v 1 [2, 3] and the references therein. This paper is organized as follows:
In Section 2, we give some known sharp upper bounds for the Laplacian spectral radius of graphs and compare them with each other. Section 3 presents new sharp upper bounds for the Laplacian spectral radius of graphs which improve the main results of [5] .
Some known sharp upper bounds for the Laplacian spectral radius of graphs
Here we list some known sharp upper bounds for the Laplacian spectral radius of graphs and compare them with each other.
In 1985, Anderson and Morley [1] gave the following bound
In 1998, Merris gave a bound, which is always better than bound (2.1) [6] , as follows
where m i is the average of the degrees of the vertices of G adjacent to v i , which is called average 2-degree of vertex v i .
In 2001, Li and Pan [4] showed that
where and δ denote the largest and smallest degrees of vertices in G, respectively.
In 2003, Zhang and Luo obtained the following upper bound which is always better than (2.4) [9] μ(G)
In 2007, Shi [7] gave the following bound.
In 2004, Zhang presented an upper bound which is always better than bound (2.3) [8] μ(G) 
Proof. For fixed vertex v i , we have
Remark 2.2. From Lemma 2.1, it is easy to see that bound (2.7) is always better than bound (2.5).
New sharp upper bounds for the Laplacian spectral radius of graphs
In [5] , Lu, Liu and Tian gave the following upper bound for the Laplacian spectral radius of a triangulation.
Let G be a triangulation with n vertices, m edges and , δ the maximum and minimum degree of G, respectively. Then
Furthermore, they obtained the following more general result: Let G be a simple connected graph with n vertices, m edges. If each edge of G belongs to t triangles
The equality occurs if G is the complete graph K t+2 . For the maximal planar graphs, they have the following upper bound:
Let G be a maximal planar graph with n ≥ 4 vertices, m edges and , δ the maximum and minimum degree of G, respectively. Then
They also gave examples to show that bound (3.2) and the bounds (2.4), (2.5) are incomparable.
In the following, we will give a new sharp upper bound for the Laplacian spectral radius of a triangulation which is always better than bound (3.1).
Theorem 3.1. Let G be a triangulation with n vertices. Then
The equality holds if G = K 3 .
we have for each i,
Hence by the Lagrange identity, we have for each i,
Sum over i to obtain
Note that G is a triangulation, we have
Thus, we have from the above two equations that
Then there must exist a vertex v i such that 
The equality occurs if G is the complete graph K t+2 .
Proof. If G = K t+2 , it is easy to see that the equality holds. If we replace Eq. (3.4) in the proof of Theorem 3.1 by
then the result follows.
Remark 3.1. From Lemma 2.1 and direct computations, we have bound (3.5) is always better than bounds (2.7) and (3.2). Thus, bound (3.5) is always better than bounds (2.4) and (2.5).
For the maximal planar graphs, we have the following upper bound: Proof. Since G is a maximal planar graph, each edge of G belongs to at least two triangles. The result follows from Theorem 3.2.
Remark 3.2. From Lemma 2.1 and direct computations, we have bound (3.6) is always better than bound (3.3).
